NAME: ID:
Department/Program: TBK/

Question 2. (Total mark: 20) (Integrated systems modeling)
Consider the problem of dynamical modeling of a hydraulic-assisted steering wheel
mechanism in a car as shown in Figure 3.
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Figure 3. A hydraulic-assisted steering wheel mechanism in a car .

This steering wheel mechanism can be simplified into the multi-domain diagram in
Figure 4.
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Figure 4. A simplified mechanism of the hydraulic-assisted steering wheel mechanism

In Figure 4, the driver can apply torque 7} to the steering wheel which has inertia of
Jinertia- The steering wheel will then interact with the steering rack (see also Figure 3)
through a torsion spring and a linear-to-rotational coupling device. The spring has a
spring constant of k, while the linear-to-rotational coupling device transforms the
spring torque 7y and angular velocity w; into linear force F; and linear velocity v by
the following formula:

aw,=v and Tyx=a F)




NAME: ID:
Department/Program; TBK / .

On the other hand, the pressure source P is used to provide the “hydraulic-assisted”
forces to the wheel which is regulated through the control valve NLR.

The pressure across the valve NLR an

d the fluid flow through the valve NLR is given
by

Qm = cA\/Py3
or equivalently,
1 2
( c A)Z Qm =P 23
where c is a valve constant and 4 is the area
required assisted torque, the opening of con
regulated based on the amount of spring tor.
AT>) for some function f;

of opening of the valve. For providing the
trol valve NLR, which is denoted by 4, is
sion in the steering wheel bar 75, ie,A4=

The fluid inertor has an inertance of J and the fluid capacitor has the capacitance of Cp.
The pressure across the coupling device P;; and the fluid flow through the coupling
device O, is converted to a linear force F, and a linear velocity v by the following
formula

DP3r=F2ande=Qm

The linear force due to the driver torque F; and due to the hydraulic pressure F, drive
the wheel mass 7y Which interacts with the road through friction. The friction is
modeled by a damper with the damping coefficient of By.

. : : I
Write the state-space equations of the complete systems with the input [ IJ , the state

[ o]
b,
F, | and the measured output of torsion torque 7} ! (20 marks)
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Question 3. (Total mark: 20) (State-space modeling,

linearization, delay)

Consider a simple model of hydraulic drilling machine as shown in Figure 5. The
constant flow source Qs which is controlled by the control valve NLR is used to drive
the hydraulic motor (via the coupling device) for rotating the drilling bit. There is a
fluid capacitor with capacitance of Cr.

The pressure across the valve NLR and the fluid flow through the valve NLR is given
by

2 _
WQm —P12

where c is a valve constant and 4 is the area of opening of the valve which will be the
control input of the drilling machine.

The pressure across the coupling device P,; and the fluid flow through the coupling
device Oy, is converted to a linear force F, and a linear velocity v by the following

formula
DPy=Tand D w = Oy

The generated torque rotates the drilling bit with an inertia of Jy;y; and it interacts with
the soil through friction force, which has a damping constant of B;.
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Figure 5. A simple electrical-mechanical system.
a) Ifthe input u is given by area 4, the flow source Qs is assumed to be a constant
2 (i.e., Os = 2) and the measured output y is the angular velocity @, show that
the state space equation of the system can be given by

1
. C—(—Dw + 2)
[Plr] _ f
@ 1 D3
—|DP,, ———w?*—-B
Jariu ( " (cu)? @ 10))

oo k] (5 marks)
marKks
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b) Suppose now that the following numerical values are used for the state- -space
asabove: Cr=1,Jgin=1,c=1,B,=2,D= 2;

Show that the hnearlzatlon of the system around the operating point (aw*=1,
B, =2,u" =2)is given by

Fl-18 ]+ 121

e=[0 1] [Plr]

where P, =P, -F,,0=0-0 ,i=u-u"and e=. (5 marks)
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c) Based on the answer in a), show that the transfer function from # to e is given
by
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d) Ifa proportional+integral feedback control is used in the linearized equation

where C(s)=2 +l , estimate the critical time delay that is tolerable for the
S

stability of the closed-loop system! (S marks)
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Question 5. (Total mark: 20) (State-feedback and state-

observer)
Consider again the system as given in the

described as follows
X 0 -2 x 0
. = + Ju
X, 2 -6 =x 2
y=lo 1{"‘]
Xy

a) Design an optimal state feedback which minimizes

Question 3a) where the linearized system is

the following cost

function:
J = [3x2(2) + 22, (0)x,(0) + 1422 (2) +u (2)d (10 marks)
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b) Let a state observer be designed for the above system where it has the
following form:

HB “ols ko9
ok

X "
where LAC J is the estimated state, ' is the estimated output and L is the
2

observer gain. Design the observer gain L, such that the dynamics of the
estimation error has eigenvalues at -10 and -15 , 1.e., the desired characteristics
polynomial of the error dynamics is given by

A +251+150=0

(10 marks)
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Question 6. (Total mark: 20) (Mechanical systems modeling)

Consider the problem of dynamical modeling of a flexible conveyor belt as shown in
Figure 7.

ki

radius R radius R

Inertia J;

Figure 7. Modeling of a flexible conveyor belt with two masses, my and m;.

In the conveyor belt system as in Figure 7, two masses 1 and my, are driven by two
pulleys where each of these are driven by a motor with torque of 7o) and Texo,

respectively. The conveyor is considered to be flexible and is modeled by springs with
spring constants, & and k,, respectively.

With a reference to the illustration in Figure 7, derive the dynamical modeling of the
system (either via classical Newton’s laws or via Euler-Lagrange formalism) with the

generalized coordinate of (6, 6,) and the generalized forces are given by Tex; and
T ext,2-
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Question 7. (Total mark: 20) (Time-discretization and z-
transform)

a) Consider again the drilling system where the transfer function of its
linearization is given in Question 3c, i.e.,
E(s) _ S
U(s) s*+6s+4
Using the bilinear transformation, calculate the discrete-time transfer function
(with sampling period of T = 0.2sec) and then compute the corresponding

difference equation (associated with the obtained discrete-time transfer
function)! (5 marks)
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b) Calculate the discrete-time transfer function (via z-transform) associated with
the following difference equation

y(k)=1.5y(k-1)— y(k—2)=u(k)+0.5u(k-1)!
(5 marks)
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¢) Explain whether the discrete-time system in Question 7b) is stable or not!
(5 marks)
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d) Suppose that we want to identify the parameters of a second-order mechanical

system given below
mi+bx+kx=F

where m is the mass, b is the damping constant, k is the spring constant, x is
the displacement and F is the force.
In order to do that, we can use the discrete-time approximation of the system
and identify the parameters based on it. Using the Euler-approximation,
compute the discrete-time approximation of the above dynamical system!

(5 marks)
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